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Abstract In this paper, we study the sparse matrix-vectodpet (SMVP) distribution on a large scale disttéalisystem
(LSDS). The framework is defined by three steps-gmocessing, processing and post processing. \Aies foere only on
the first step i.epre-processing. Our general goal is to detect, for a given spanagrix, the best compression format i.e.
which leads to the best performances for the SMifhe LSDS. Thus, we need to study different apgres to distribute
the data, essentially the sparse matrix. Threeoagpes are proposed. In the first one, the matrix partitioned into row
blocks with the same number of rows. The secorgb(riird) approach consists in partitioning A ibtocks of contiguous
(resp. non contiguous) rows with the same numbenamf-zero elements. These approaches result iringokome
constrained scheduling problems of the NP-hard.tye solve them, we propose some multi-phase hagisAfter
presenting these approaches, we present for each performance analysis. These analyses are #iielated through a
series of experimentations that permit to showr timéérest.
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1. Introduction

In numerical scientific computing, many problemduee to large sparse linear system resolution amdgen-
elements computation. The iterative methods aligwd solve these problems are based onto a segjuénc
sparse matrix-vector products (SMVP) with the sanagrix but different vectors. Our aim here is todst the
SMVP distribution on a LSDS, particularly sparsetnmadistribution and load balancing. In principlidyree
steps would be necessary to achieve this kind plicgtions. The first one is pre-processing whiemneyally
reduces to data preparation, code optimisation [BE|[Mperformance prediction, etc. The second siemely
processing, corresponds to computations and conuatios done by the application. As to the thiepste.
post processing, it consists in analysing the appitin results. In this paper, we are focused bwlthe first step
i.e. pre-processing. Our aim is to detect, fonegisparse matrix, the best compression formafpiieatides the
best performances for the SMVP on a large-scaleilalised environment. Thus, we need to study dsffier
approaches to distribute the data concerned byptbeessing step. Indeed, load balancing at thel lefve
processing units could have a dramatic influencapplication performances.

Sparse matrix distribution is a particular scheawylproblem thus known to be a hard problem. Theeefawe
thought of approximation algorithms to solve it atesigned (three) different approaches heuristsedh. They
both use one dimension of the matrix (row or coluntm this paper, we restrict to row fragmentat{&®¥) as
column fragmentation (CF) is exactly the symmetfi®RF. The choice of 1-D fragmentation, and esplcad
row dimension, is justified by the fact that ourget environment is a large scale distributed sygieSDS) e.g
computation grid, Peer-to-Peer system, etc. As d&emaf fact, a 2-D [BiMO5][VaB05] or a column
fragmentation generates supplementary communica{mmpared to RF) that are needed to achieveN\&PS
resulting vector reduction. However, in an LSDSnoaunications are very expensive since they arergiye
done via Internet. In the pre-processing study,tak@ into account neither system heterogeneity nuales
volatility. The last are taken into account at #pplication code level i.e. at processing levelohhwill be the
topic of a forthcoming paper.

The remainder of the paper is organised as folldwsection 2, we present an overview of sparseicesat
sparse computations and Peer-to-Peer systemsctiors8, we describe three approaches (heuridticgparse
matrix row fragmentation. Section 4 is devoted emplexity and heuristics analyses. In section 5,ewgose
and comment the results of the fragmentations péexbon randomly generated matrices as well alsasled
matrices. Finally, in section 6, we present a assioh and perspectives.



2. Context and definitions
2.1 Sparse matrices

Let A be a (real) NN large matrix. If NNZ, the number of non-zero etarts of A is very few (resp. large), let
us say NNZ=O(N) (resp Of)N, then A is called sparse (resp.dense). Both storage requirements and
computational time of any application operatinglange sparse matrices (SM) may be dramatically cediby
only storing non-zero elements and avoiding redonhdperations on zero elements [Bik96]. This isiexdd by
using compressed storage formats (CSF) for SM'spdtse matrix may have various structures accotditige
locations of its non-zero elements. An SM struct(B8S) may be either regular e.g. triangular, drego
constant-banded, Hessenberg, etc; or irregularo (alslled general) e.g. variable-banded, random, etc
[GoV83][DER92][Saa94]. For each SMS, one or mordickted CSF’s are known in the literature. Foransg,
to a general structure we can associate CSR (CasgateStorage Row) or CSC (Compressed Storage Cplumn
for a (regular) triangular structure we can find RI8Modified Storage Row) and MSC (Modified Storage
Column) ; for a banded one we have BND (BaNDedf\ (@IAgonal), JAD (JAgged Diagonal), etc [Saa94. |
this paper, we are essentially interested in CSitnf@@essed Storage Row) format. This is due todbethat it
is the most used in practice.
Assume that our XN matrix A is stored in a two dimensional array frammpressed format). Storing A in the
CSR format consists in using three 1-D arrays (st denoted A, JA and IA defined as follows
[Saa94][Jen80][GoV83] :

- Alis areal array involving the non-zero elemeratkigs @ (of matrix A) stored row-wise (from row 1 to

row N). A is of NNZ, where NNZ is the number of apero elements of A.
- JAis an integer array involving the column indiogéshe stored elements in A. JA is of length NNZ.
- lAis an integer array involving the pointers o tiead of each row in arrays A and JA. Thus, I&(i)
the position in A and JA where begins the i-th .

We have done some statistics on selected matrieasMatrix Market [MatO6] and we have remarked thai
zero elements distribution in a sparse matrix risns/en non uniform. We will essentially take imaimcount this
kind of matrices witch seems to represent the ifneqient cases coming from real applications.

2.2 Spar se computation

As mentioned abovesparse computation refers to algorithms procesSM¢ [CLS98]. In fact, several large
scale applications in scientific computing redugdhte resolution of sparse matrix problems e.gnalecular
dynamics, fluids dynamics, signal/image processiaty [Ase96]. Particularly, various sparse scientif
computations reduce to the resolution of sparseatimalgebra problems. In fact, the two main proklem
encountered in this last field are the linear gystesolution (LSR) [DER92][Jen80] and the eigengalu
computation (EVC).

Contrary to the eigenproblem for which we have e an iterative method, the techniques allowingdlve a
linear system can be iterative [GoV83] or diredER92]. Direct methods are robust and generallyd dse
problems with moderate size. Otherwise, iterativethmds are unavoidable. Moreover, for our targefeatse
large-scale problems, direct methods complexitées e prohibitive. As a matter of fact, they are noemory
and time consuming because of thein phenomenon. Therefore, for this class of probletastive methods
are an interesting alternative [DER92]. The spamnsdrix-vector product, where the matrix is sparsd the
vector is dense, constitutes, in fact, a highlyduszrnel in iterative methods for sparse LSR an€Evoblems.

2.3 Peer-to-Peer system

Often simply referred as P2P, peer-to-peer ardhiteds a wide-area network of work stations (peerbe
workstations in the system have the same resptitistbileach of them can be client, server, worletc) and
can be heterogeneous and volatile. This differsnfidient/server architectures where some compuaess
dedicated to serving the others [Web05]. In thipgpawe propose several approaches to optimisere
processing of the sparse matrix distribution oargd-scale platform such as a P2P system. Thugproposed
solutions are based on 1-dimension fragmentatioh egpecially of row dimension.



This is because, a 2-dimension [BiMO5][VaB05] or calumn fragmentation generates supplementary
communications (compared to row fragmentation) hesé targeted environments. This is due to thectiaiu

of the SMVP resulting vector which can be very exgdee since it is generally done on Internet. le fe-
processing study, we take into account neitheresgysteterogeneity nor nodes volatility. The lasttaken into
account at the application code level i.e. at pgsitey level which will be the topic of a forthcomipaper.

3. Data fragmentation

In the following, we present three alternativesdecomposing a SM into fragments (blocks) whosebains
denotedNbFrag. The first one consists in decomposing the mattegoted A, into row blocks (fragments) of
same size i.e. involving the same number of rowso Hifferent algorithms are proposed for this ajpgig
FSNR (Fragmentation with Same Number of Rows) aR8MR (Generalised FSNR). The second, called FSNZ
(Fragmentation with same Number of Non-zeros) @ssn decomposing A into fragments of contiguauss
(not necessarily having the same number of rows)ling, as much as possible, the same number izeco
elements. As to the third approach, it consistdégonomposing A into fragments with non contiguouss@nd
involving the same number of non-zero elements. Talgorithms have been designed here i.e. GFSNZ
(Generalised FSNZ) and S_GFSNZ (Sorted GFSNZ).

3.1 Approach 1: FSNR and GFSNR decompositions

Let g and p be two integers such that N =NpFrag+ p. The principle of this approach consists ingtorcting
NbFrag fragments involving the same number of contiguayss. Two algorithms are proposed namely FSNR
and GFSNR.

FSNR decomposition :
It is a naive one-phase algorithm that consispaititioning A intoNbFrag fragments (row blocks) such that the
first p ones involve each g+1 contiguous rows wagtée remaining\NbFrag-p) ones involve q.

GFSNR decomposition :

It is a two-phase algorithm (Generalized FSNR) ihgiroves FSNR according to a particular criter(sae
below). Remark that in FSNR, the fragments invaviawl (resp. q) rows are successive i.e. fragmént #
fragment #p (resp. fragment #p+1... fragmehNbErag ). In phase 1 of GFSNR, the p (re$fbFrag-p+1)
fragments involving g+1 (resp. q) rows are randoaflgsen (i.e. are not necessarily successive).

Concerning phase 2 which represents an iterativadtie, let us first define the criterion, denoteRIT, we aim

to optimize. It could be either the maximal loadL{Mhe number of non-zeros in the most loaded fraginor
the imbalance factor (IMF) which may be either thfference between the maximal and the minimal $oad
(AIMF: Absolute IMF) or the ratio of the two lattéRIMF for Relative IMF).

As far as we are concerned, we have chosen the Alitiérion. The improving procedure consists inugdg
the maximal load and increasing the minimal onerday interchange between successive fragments. This
permits, through successive iterations, to refireeformer fragmentation, hence leading to a betiéanced one.
To be more precise, lataxfrag be the maximally loaded fragment. Its first (@tJarow is picked and assigned
to its preceding (or succeeding) fragment, provithed this does not increase the current maxinaad.lo

In a symmetric way, leninfrag be the minimally loaded fragment. The first rowitsfsucceeding fragment (or
the last row of its preceding one) is picked armsigaeed to it, provided that this does not decrehsecurrent
minimal load. This procedure is iterated as lonthascriterion may be reduced or a fixed numbetesétions is
not exceeded.

3.1.2 Approach 2: FSNZ decomposition

The approach for data decomposition presented alBayeite naive. It has to be underlined that wtiennon-
zero elements are non uniformly distributed inrnegrix rows, FSNR and GFSNR may can induce a pitbrgb
load imbalance for peers.

The FSNZ decomposition has been designed in ¢od®roid such drawback. It consists in decomposiagyix

A into row blocks in such away that each blockdfreent) involves (as much as possible) the same eunth
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non-zero elements. Remark that the number of nom-@ements per fragment should be around NWEfag

in order to guarantee a fair decomposition.

Furthermore, notice here that (i) a row does beltmgnly one fragment, (ii) the number of rows ist n
necessarily the same for all the fragments ande@ch fragment is constituted by contiguous rd#esice, each
fragment has to be identified by its first row irde

It has to be underlined that the construction af Halanced FSNZ decomposition, is in fact a pdeicu
(constrained) scheduling problem (SP) [Hoc97] [SaY99] of N (re-emptive) independent tasks (i.e. the rows
of A) with corresponding costs;,cc, ...,G (G is the number of non-zero elements in row i) oNtw-rag
homogeneous processors under the constraint thahasks (i.e. rows) assigned to any processorfiagment)
must be successive (i.e. contiguous).

To solve this particular SP, an NP-hard one [Hoc%gveral polynomial time approximate algorithms
(heuristics) are known in the literature [Hoc97a¥®9]. As far as we are concerned, we designetghase
heuristic.

The first phase, a constructive heuristic, pertatsonstruct an initial fragmentation in O(N) timeconsists in
assigning contiguous rows to a given fragment ttstilbad (i.e. the total number of non-zeros snrd@ws) nearly
reaches or exceedisr the first time the threshold NNZ/NbFragl. A dynamic computing of the load of the not
yet assigned rows (remaining sum of the non-zeemehts) permits to (i) decide either to exceed air n
[NNZ/NbFragl, (i) guarantee that any fragment involves at lemse row and (i) avoid too large load
imbalance.

Concerning Phase 2, it is similar to Phase 2 of BR &lgorithm with the only difference that for FSKMe
eliminate the constraint concerning the numbepuwfsrin each fragment which is either q or g+1 iIrSGIR.

3.3 Approach 3: GFSNZ and S GFSNZ decompositions

In FSNZ, we have built fragments under the constrghat rows involved by any fragment are necelysari
contiguous in matrix A. As the non-zeros distribatin A is random, this decomposition doesn’t gntga an
optimal load balancing among the fragments. Anriadtive consists in relaxing the above constraiat a
fragment may involve non contiguous rows. Here, wae to solve a new problem which is the same
scheduling problem (SP) seen above but with notca@ing For this purpose we designed two heusstic
GFSNZ (Generalised FSNZ) and S_GFSNZ (Sorted GFSNZ)

S GFSNZ decomposition

It is a three-phase heuristic. The first one (pH3seonsists in sorting the rows of A in increaséeo of their
number of non-zero elements. This may be done M*I0¢.N) time. As the second phase, we make use of a
classical (constructive) heuristic [SaY99] that siets first in assigning row i to fragment i (i=INbFrag).
Then, the next row is assigned to the less loadeghfent and so on. In other words, the currentassigned
row is always assigned to the less loaded fragunatiltrow emptying.

The third phase, the improving one, is an iteratie@ristic. It permits, through successive iteraiao refine
the former fragmentation, hence leading to a bdttdanced one. Choosing the AIMF criterion, theighesd
procedure consists in successive row interchanyeslkea the maximally and minimally loaded fragments.
More precisely, letaxfrag (resp.minfrag) be the maximally (resp. minimally) loaded fragieim appropriate
row frommaxfrag and an appropriate row frominfrag are interchanged so that AIMF is reduced (at #mt)b
This procedure is iterated as long as the AIMFedon may be reduced or a fixed number of iteratimnnot
exceeded.

GFSN\R decomposition
We could avoid phase 0 of S_GFSNZ i.e. apply phias#hout sorting the rows and then phase 2.

4. The data fragmentation algorithms: a priori performance analysis

It deals here with theoretical performance evatimatf the algorithms presented above. We will tryalidate
these estimations in section 5.



4.1 Approach 1

Clearly, algorithm FSNR can be achieved inNBKrag) time. Concerning GFSNR, its first phase costs
O(NbFrag) time and it is easy to prove that its second @lmaay be done in (at most) O(N*nit) time whereigit
the (maximal) number of iterations. Therefore GFSNRIone in O(N*nit) time. If we choose nit=O(1k$ép.
O(N)) we’ll reach an O(N) (resp. Of)) complexity. Concerning GFSNR heuristic, whistgreedy oriented, it
guarantees an approximation with a ratio not exoge#l. On the other hand, we may prove that, atnbest
case, the value of RIMF is bounded by 3N/2. Indeetsider the Euclidian division N NbFrag*g+p. The
worst case occurs when the maximally loaded fragrfreaxfrag) involves g+1 full rows i.e. its load (q+1)*N
and the minimally loaded fragmemntififrag) involves g rows where each row involves one nerozlement.
So its load is g and RIMF is bounded by N(g+1)/g8MXg<3N/2 as g2.
On the other hand, as phase 1 of GFSNR is donetsath

* minfragis located between two fragments involving eacbvegs

* maxfrag is located between two fragments involving each pws
Therefore no improvement could be obtained by pRase this case, the AIMF value is (g+1)*N-q.Rekdrat
in the best case, we obtain an RIMF equal to 1 wlen p = 0 and the non-zero elements are uniformly
distributed on the matrix rows.

4.2 Approach 2

Phase 1 of FSNZ may is done in O(N) time and PRase(at most) O(N*nit) time where nit is the madm
number of iterations. Consequently, FSNZ may beedanO(N*nit) time. If we chose nit= O(1) (resp.N)j,
we reach a complexity of O(N) (resp. GIN

Concerning the heuristic quality, at the worst dhgeRIMF value is O(1). Consider the Euclidianision NNZ
= NbFrag* r + s. Let us assume thiibFrag<<N. At the worst case we have the following:ntinfrag involves
r-N+2 non-zero elements amahxfrag involves r non-zero elements. Indeatnfrag is a fragment non allowed
(for a balance purpose) to exceed r even thoughdts N-1 elements to reach r+1 ; (ii) the ronwofeihg the
last row ofminfrag is full (involves N elements) ; (iiijnaxfrag involves r elements before exceeding r+1 ; (iv)
we assume that it is allowed to exceed r+1 andtktearow following the last row ahaxfrag is full. Thus, we
obtain aminfrag with r-N+2 non-zeros and maxfrag with r+N non-zeros. In this case, we haRtMF =
(r+N)/(r-N+2).

The best case occurs, for example, when the rovedvia the same number of non-zeros.

Let us add as it was the case for GFSNR, FSNZsis gileedy oriented and guaranties an approximatitina
ratio not exceeding 2.

4.3 Approach 3

As we have seen above, S GFSNZ is a three-phasstiatg. Phase 0 (sorting) can be done in O(N:Ng
time. Phase 1 is a constructive phase which catobe in O(N) time. Concerning Phase 2, it can breedo (at
most) O(N*nit) time where nit is the maximal numbefr iterations. Consequently, S_GFSNZ is done in
O(N*(log,N+nit)). If we chose nit=0(1) (resp. O(N)), we aibta complexity of O(N*logN) (resp. O(N).
Consequently, GFSNZ may be achieved in O(N*nit)etithat is O(N) (resp. O@ time if nit=O(1) (resp.
O(N)).

Concerning the quality of S_GFSNZ and GFSNZ hegssht the worst case, we obtain an RIMF equd.to
This occurs, for example, whédbFrag = N (so each fragment involves one row) and A imes one row with
one element and another with N elements i.e. adull

Remark that both GFSNZ and S_GFSNZ are greedy tedeand guarantee approximations with a ratio not
exceeding 2.

5. Experiments and resultsinter pretation

In order to evaluate the performances of the dffefragmentation approaches, we have achievedies s¥
experimentations on two sets of randomly generatedrices: matrices with general structure and bande
matrices.



Hence, we compare the differesequential algorithms of fragmentation through their RIMF {RadMbalance
Factor) variations in terms of matrix size, nonozelements density, number of fragments and banbvio
banded matrices. The experiments have been doad’entium M PC.

5.1 Random matrices

Giving a size N and a density d (=NNZ)JNour generator provides a matrix with a randormber of non-zeros
for each row. In the following, for each fragmeidat algorithm, we present curves representing RIMF
variations (i) in terms of N, and (ii) in termshFrag.

RIMF in terms of N RIMF in terms of N
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Figure 1. RIMF variations in terms of N (density=13%)
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Figure 2. RIMF variations in terms dflbFrag (density=13%)

The behaviour of the fragmentation algorithms mmtef density d seems to be random. Indeed, thezeows
distribution has a direct impact on both maximal annimal loads; the impact of NNZ seems to be.null
Therefore, we remark that the load balancing depesgentially on the number of fragmenitbHrag). The
larger isNbFrag, the larger is the more important is the imbalaMere precisely, it is the ratio NbFrag
which would have a direct impact. In general, weicgothat the load imbalance increases when this ra
decreases. This remains true for each fragmentalgmrithm. On the other hand, our experiments tpourh that
the algorithms GFSNZ and S_GFSNZ always give ttst load balancing and that the ratio RIMF is neénly
same for both. Hence, GFSNZ is more interestingesiB_ GFSNZ is more expensive because of the initial
sorting.

The behaviour of the fragmentation algorithms mmtef density d seems to be random. Indeed, thezeors
distribution has a direct impact on both maximald arinimal loads; the impact of NNZ seems to be.null



5.2 Banded matrices

Giving a size N and a half-bandwidth hbw, the gatwrprovides a banded matrix. In the following; éach
fragmentation algorithm, we present curves repitasgmRIMF variations in terms of (i) N, (ii) hbw dn(iii)
NbFrag.
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Figure 3. RIMF variations in terms dflbFrag for hbw=1000
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Figure 4. RIMF variations in terms of N for hbw=400

As seen for random matrices, the number of fragséas an important impact on load balancing. Ad th
fragmentation algorithms have the same behaviownvthe matrix size N varies i.e. RIMF decreasesnie
increases and more precisely when it gets away fhabFrag value. RIMF becomes almost constant when
N/NbFrag is very low. Notice that GFSNZ and S_GFSNZ alwgie the best load balance (nearly the same
curves). We have determined RIMF variations in teohhbw and we have remarked that the half baritiwid
has not a real impact on lad balancing.

6. Conclusion and further work

In this paper, we have proposed five different agpnation algorithms for sparse matrix decompositieSNR,
GFSNR, FSNZ, GFSNZ and S _GFSNZ. They both consispartitioning the matrix into row blocks
(fragments). We can classify these algorithms tato groups G1 and G2. G1 involves the first thred &2
involves the two others. The algorithms of G1 (r&5p) produce blocks involving contiguous (resmtuous)
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rows. Our aim was to obtain balanced fragmentshaving (nearly) the same number of non-zeros. The
designed algorithms, having different time compiesilead to different load balancings. As a matfdiact, in

G1 we have an OFrag) (whereNbFrag is the number of fragments) complexity for FSNRI ©(N) (in the
worst case, N being the size of matrix A) for bBGRSNR and FSNZ. Each algorithm of the second greubh
O(N? worst case complexity. Concerning the load bafaydt was measured by using the so called RIMBra
(maximal load divided by minimal load). Both algbrns of the second group gave equivalent RIMF’ snbst
cases, the RIMF’s in the G2 are better (i.e. lovileag)h in G1.

The experimental results show that the RIMF valoerdases witiNbFrag. This fact occured for random
matrices as well as for banded matrices. Noticefttarandom matrices, when using GFSNZ algoritigmop
G1), RIMF gets farther from value 1 whaibFrag exceeds 256 (we considered matrices of size 50006).

The same situation happens with banded matricellliBrag larger than 1024. Thus, we have better reducing
the number of blocks when fragmenting the spargedma

We also notice that for random (resp. banded) oegrithe density (resp. half bandwidth) has no anpa
RIMF value. Therefore, the choice of an adequatedérate) number of fragments is the key for a goad
balancing. Our current work, by taking into accotingt results presented in this paper, consisth®processing
and post-processing of SMVP on large-scale peepeter systems. Thus, we intend in the near future to
experiment the different fragmentation algorithmsthe (SMVP) kernel on a real Peer-to-Peer (P28tem
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